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Abstract
In this paper we prove new upper bounds for the length of a short-
est closed geodesic, denoted l(M), on a complete, non-compact Rie-
mannian surface M of finite area A. We will show that l(M) ≤ 4√2A
on a manifold with one end, thus improving the prior estimate of C.
B. Croke, who first established that l(M) ≤ 31√A. Additionally, for a
surface with at least two ends we show that l(M) ≤ 2√2A, improving
the prior estimate of Croke that l(M) ≤ (12 + 3√2)√A.
1 Introduction
The purpose of this paper is to establish two new upper bounds for the length
of a shortest periodic (i.e., closed) geodesic on a complete, non-compact
Riemannian surface M of a finite area. We denote this length by l(M).
While the existence of a periodic geodesic on a closed Riemannian mani-
fold is a consequence of the topology of the manifold (first shown by A. Fet
and L. Lusternik in 1951 in the general case), simple examples show that even
a non-trivial fundamental group is not enough to guarantee the existence of
a periodic geodesic in the non-compact case. Thus, to prove the existence of
a periodic geodesic on a complete, non-compact Riemannian manifold, one
needs some combination of additional topological and geometric constraints.
For example, V. Bangert asked whether on a complete, non-compact Rie-
mannian manifold of finite volume there always exists at least one periodic
geodesic (cf. [7]). While this question was fully answered in the positive for
surfaces– first by G. Thorbergsson [21] for surfaces with at least three ends,
and later by V. Bangert [4] for surfaces with one or two ends– only partial
answers to this question are known in higher dimensions (see [2, 5]).
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Once the existence of a periodic geodesic on a Riemannian manifold is
established, it is natural to ask how the length of a shortest such geodesic
compares to other parameters of the manifold, such as its volume or, in the
compact case, its diameter. For example, M. Gromov has asked if there exists
a uniform constant c(n) such that l(M) ≤ c(n) vol(M) 1n (see [12]). Here n is
the dimension of the manifold and vol(M) is its volume. While this question
remains open in dimensions greater than two, it has been resolved in the case
of surfaces. For a survey of early results in dimension two, one should see
the paper [10] by C. B. Croke and M. Katz.
In this article we will improve the prior bound of Croke for the length of
a shortest closed geodesic on a complete, non-compact surface of finite area
A from 31
√
A (see [11]) to 4
√
2A. In particular, we improve the bound in
the worst two cases. The most difficult case is that of a manifold that is
topologically a once-punctured sphere. Secondly, we improve the bound on a
complete, non-compact Riemannian manifold homeomorphic to a sphere with
two punctures. Our improvements are due to the following modifications: an
optimal use of the co-area formula as in [16]; utilizing min-max techniques on
the space of 1-cycles instead of on the space of closed, piecewise differentiable
curves on M , as in [8, 14, 16, 19]; and using a length shortening technique
on geodesic nets (which we realize as pairs of loops) as in [17, 18]. Note that
the main difficulty of proving the existence of (short) periodic geodesics on
complete, non-compact manifolds manifests itself in the curve “running away
to infinity” under the length shortening flow.
Finally, we expect that the new bound we obtain is still not optimal. For
the cases where the surface is a sphere with three or fewer punctures, we
expect that the optimal bound will be the same as that for a Riemannian
2-sphere of area A, which is conjectured to be (12)
1
4
√
A (cf. [8, 11]).
2 Results
We will show that every complete, non-compact surface of finite area A
admits a closed geodesic whose length is bounded by a constant multiple
of
√
A. Such surfaces can be partially classified by the number of “ends”
they have, which we define as follows.
Definition 1. Let M be a complete surface. If M is homeomorphic to a
compact surface with n punctures, then we say that M has n ends.
As above, suppose M has area A and n ends, and let l(M) be the length of
a shortest closed geodesic in M . It was shown by Hebda [13] and Burago and
Zalgaller [6] that l(M) ≤ √2A for every orientable, non-simply connected,
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compact surface. It was shown by Croke in [11] that l(M) ≤ 31√A in the
case that M is a sphere or a once-punctured sphere. For the spherical case,
this estimate was further developed in [8], and has since been refined to
l(M) ≤ 4√2A [14, 16, 19]. We prove that this sharper estimate also holds
for the punctured sphere. For surfaces with two ends, we refine the current
best known bound of l(M) ≤ (12 + 3√2)√A, also provided by Croke [11],
to l(M) ≤ 2√2A. Our methods also provide an identical bound for surfaces
with more than two ends, but in these cases this bound has already been
proved by Croke [11] (see also [4]).
Our main result is summarized as follows.
Theorem 1. Suppose M is a complete, orientable surface with finite area A
and n ends. Let l(M) be the length of a shortest closed geodesic on M .
1. If n ≤ 1, then l(M) ≤ 4√2A.
2. If n ≥ 2, then l(M) ≤ 2√2A.
The compact case (n = 0) is dealt with in the literature as described
above. Therefore we only consider surfaces with at least one end. As noted
by Croke in [11], each end of a surface with finite area contains a convex
neighbourhood of infinity bounded by a geodesic loop (i.e., a geodesic seg-
ment that is also a closed curve). Geodesic loops have useful convexity prop-
erties which we will use extensively in our proof of the above theorem. For
our purposes, the definition of convexity is as follows (cf. [11]).
Definition 2. Let γ be a closed curve bounding a region Ω. Then γ is said
to be convex to Ω if there is some  > 0 such that for all x, y ∈ Ω with
d(x, y) < , the minimizing geodesic segment between x and y lies within Ω.
A connected region Ω is called convex if each component of ∂Ω is convex to
Ω.
Note that a geodesic loop is convex to a region it bounds exactly when the
inward-facing angle (i.e., the angle as measured within the region) formed at
its vertex is less than or equal to pi. Similarly, a closed geodesic is convex to
any region it bounds.
Convex regions are useful because they are well-behaved under the Birkhoff
curve shortening process. This algorithm, a thorough analysis of which can
be found in [11], produces a length-reducing homotopy starting from a pre-
scribed initial curve. The curves in this homotopy converge to either a single
point, a closed geodesic, or a point at infinity. Additionally, one can fix a
point x of the initial curve during this process in order to produce a length-
shortening homotopy that will terminate either in the point curve x or a
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geodesic loop based at x. Convexity of the initial curve allows us to apply
the following lemma (cf. Lemma 2.2 in [11]).
Lemma 1. Let Ω be a convex region. Let γ ⊂ Ω be a closed curve and
let γt be any curve in the homotopy produced by applying the Birkhoff curve
shortening process to γ. Then γt ⊂ Ω.
The proof of our main result considers two separate cases. If M has one
end, either every geodesic loop is convex to an unbounded region (which we
will call being “convex to infinity”), or there are two geodesic loops with a
shared vertex point that are convex to disjoint sets. Conversely, if M has
two or more ends, the latter statement is always true. The proofs of these
statements are established in Section 2.2. In the first case, in the proof
of Lemma 7 we apply a variation of Berger’s lemma along with the curve
shortening process to produce a map from the round sphere to a compactified
version of M . The existence of such a map will imply the existence of a closed
geodesic of known length. In Section 2.3 we deal with the second case and
show that, in the absence of short closed geodesics, the curve formed by the
union of the two geodesic loops with a shared vertex must shorten to a closed
geodesic of bounded length.
Unfortunately, we do not expect that the provided bounds are sharp.
An illustrative example is the singular sphere produced by gluing together
two congruent equilateral triangles of height h. This so-called Calabi-Croke
sphere is conjectured to provide the largest value of l(M) relative to
√
A
in the case that M is a sphere (cf. [8, 11], see also [3, 20]). It has several
shortest geodesics of length 2h: three simple loops along its altitudes and
three figure-eights. In this case, we have
l(M) = (12)
1
4
√
A ≈ 1.316
√
2A
Adding a thin, infinitely long cusp to one of the vertices does not change
this constant. When additional ends are added, new figure-eight geodesics
are formed by wrapping around at least two ends. However, adding up to
three ends to the vertices of the Calabi-Croke sphere does not decrease l(M),
as the new figure eights are approximately of length (4/
√
3)h. Thus for the
cases where n ≤ 3 we still expect a sharp bound of (12) 14√A.
2.1 Short Geodesic Loops
In order to use geodesic loops to produce closed geodesics of bounded length,
we need to first bound the lengths of the loops themselves. To that end, we
prove the following lemma, a sharpening of the bound provided in [11] (cf.
4
[16]). This lemma ensures the existence of short geodesic loops encircling the
ends of M , as described in Lemma 3. In the lemma below and throughout
this paper, L(γ) denotes the length of the curve γ. Note also that every
geodesic is assumed to be parametrized by arc length.
Lemma 2. Suppose M is a complete, orientable surface of finite area A. Let
x, y ∈ M and let τ be a minimizing geodesic segment from x to y. If there
exists some w ∈ τ such that d(x,w) > √A/2 and d(y, w) > √A/2, then
there is a closed curve γ through w of length at most
√
2A that is essential
(i.e., not null-homotopic) in M \ {x, y}.
τ(t0)
x
y
τ(t)
σ τ
M
Figure 1: The construction of the closed curve γ (the dashed line).
Proof. Define t0 such that w = τ(t0) and hence d(x,w) = t0 >
√
A/2 (note
that we asserted x = τ(0)). Therefore, by the co-area formula,∫ t0+√A/2
t0−
√
A/2
(√
2A− 2|t− t0|
)
dt = A ≥
∫ t0+√A/2
t0−
√
A/2
L(S(x, t))dt,
where S(x, t) = {p ∈ M | d(p, x) = t}. Thus there is some t ∈ (t0 −√
A/2, t0 +
√
A/2) such that S(x, t) consists of simple closed curves and
L(S(x, t)) ≤ √2A− 2|t− t0|. Let σ be the component of S(x, t) that crosses
τ(t), as in Figure 1. Then σ is essential in M \ {x, y}, since it is either
essential in M or it separates M into two regions, one containing x and the
other y. Therefore γ = τ |[t0,t] ∪σ∪−τ |[t0,t] is a closed curve passing through
w that is essential in M \ {x, y} and has length
L(γ) = 2L(τ |[t0,t]) + L(σ) ≤ 2|t− t0|+
√
2A− 2|t− t0| =
√
2A,
as required.
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In the case that M contains a minimizing geodesic ray or line, we will
now show that the above lemma implies the existence of short geodesic loops.
Since we are only considering surfaces with at least one end, every point in
M has at least one minimizing geodesic ray emanating from it. For example,
one can take a limit of minimizing geodesic segments (up to a subsequence)
between a given point and a sequence of points that tends to infinity. IfM has
at least two ends, then we can similarly ensure the existence of a minimizing
geodesic line. Therefore we can make effective use of the following lemma
(cf. Lemma 3.3 in [11], which only considers the cases where M a plane,
sphere or cylinder). Note that “ray” always refers to a minimizing geodesic
ray, and similarly a “line” is a minimizing geodesic line.
Lemma 3. Suppose M is a complete, orientable surface with finite area A.
Let τ be either a ray based at some arbitrary x or a line. Pick w ∈ τ , where
if τ is a ray we require that d(x,w) >
√
A/2. Then there exists a geodesic
loop based w that is essential in M \ {x} (or M) and intersects τ only at w.
Moreover, there is a shortest such loop which is additionally simple and has
length at most
√
2A. If γ and γ′ are two such loops, then γ′ ∩ γ = w.
Proof. Let {xi}, {yi} be sequences of points on τ such that d(xi, w) >
√
A/2,
d(yi, w) >
√
A/2, w lies between xi and yi, yi → τ(∞), and xi = x if τ is
a ray and xi → τ(−∞) otherwise. Then for every i we can apply Lemma
2 to the segment of τ connecting xi to yi to obtain a closed curve ηi that
is essential in M \ {xi, yi}, passes through w, and has length at most
√
2A.
Taking the limit of a convergent subsequence of these curves, we see that
there exists a closed curve η through w that is essential in M \ {x} (or M),
and has length L(η) ≤ √2A.
Let U be the set of all closed curves σ with L(σ) ≤ L(η) that pass through
w and are essential in M \ {x} (or M). Since L(η)/2 < d(x,w), there is a
neighbourhood of x that no curves in U pass through, and hence no sequence
of curves in U converges to a point curve. Therefore there exists a non-trivial
shortest γ ∈ U , which is necessarily a simple geodesic loop by minimality.
Moreover, γ intersects τ only at w, as otherwise we could take a shortest
sub-loop of γ that intersects τ and connect it via an arc of τ to w to obtain
a strictly shorter curve that could be shortened to a loop with the desired
properties. By a similar argument, we remark that if multiple distinct choices
for γ exist, they intersect only at w.
Corollary. Let M be as above and let τ be a ray based at some x. Then
there exists a shortest geodesic loop γ through τ(
√
A/2) that is essential in
M \ {x}, intersects τ only at τ(√A/2), is simple, and has length at most√
2A.
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2.2 Obtaining Convex Loops
The fact that our surface has finite area will allow us to find pairs of loops
with certain nice properties– in particular, if M has at least two ends then we
can always find a pair of geodesic loops with a common vertex such that the
two loops are convex to disjoint regions. Once we have established conditions
for the existence of these loops in Lemma 6 and Lemma 7, we will describe
an algorithm in Lemma 8 that will produce a closed geodesic from such a
loop pair.
M
e1 e2
Figure 2: An example of a pair of loops e1 and e2 with shared base point
that are convex to disjoint regions.
As a preliminary step, we recall the following topological lemma.
Lemma 4. Let γ be a curve in a surface M . If γ does not separate M into
two disjoint regions, then it is homotopically non-trivial.
Importantly, if a curve on M is not separating, then we can shorten it to
a closed geodesic (note that a non-separating curve cannot escape to infinity
for topological reasons). We will now build upon the arguments of Croke in
[11] and examine the convexity properties of short geodesic loops.
Lemma 5. Suppose M is a complete, orientable surface with finite area A.
Let τ be either a ray based at arbitrary x or a line, and where possible define
γt as a shortest geodesic loop based at τ(t) that is essential in M \ {x} (or
M). Suppose M contains no geodesics of length at most
√
2A. Then
1. If τ is a ray, either there is some t ≥√A/2 with two choices of γt, one
convex to x and one convex to τ(∞), or every γt is convex to τ(∞).
2. If τ is a line, there is some t with two choices of γt, one convex to
τ(−∞) and one convex to τ(∞).
Proof. The existence of the curves γt for t ≥
√
A/2 such that L(γt) ≤
√
2A
follows from Lemma 3. Every γt must separate M into two regions, as other-
wise by Lemma 4 some γt could be shortened to a geodesic of length at most
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√
2A. Thus each γt is convex to one of the regions it bounds. In particu-
lar, γt is either convex to a region containing x (or τ(−∞)), or to a region
containing τ(∞).
By the co-area formula, we have
∞ > A ≥
∫ ∞
√
A/2
L(γt)dt,
and so there is some sequence {ti} such that L(γti)→ 0 as ti →∞. If some
γt0 is convex to x (or τ(−∞)), then, for small  > 0, L(γt) < L(γt0) for
t ∈ (t0 − , t0). This is because cutting across the vertex of γ with a short
minimizing geodesic segment gives rise to a strictly smaller curve intersecting
τ(t0 − ′) for some small ′. Therefore if every γt is convex to x (or τ(−∞)),
L(γt) is an increasing function of t. Since L(γ) is positive, this contradicts
the fact that L(γt)→ 0, so there must exist at least one γt convex to τ(∞).
However, the set of t such that γt can be chosen convex to τ(∞) is closed,
as is the set of t with γt convex the other way (i.e., to x or τ(−∞)). Since
[
√
A/2,∞) ⊂ R is connected and the first set is non-empty, either the second
set is empty or the sets intersect. Thus either every γt is convex to τ(∞) or
there is some t0 with two choices of γt0 , one convex to each end of τ .
If τ is a line, then γt is defined for all t ∈ R and hence
∞ > A ≥
∫ ∞
−∞
L(γt)dt,
so we have the additional condition that there is some sequence {tj} such
that L(γtj) → 0 as tj → −∞. Thus if some γt0 is convex to τ(∞), then
L(γt) < L(γt0) for t ∈ (t0, t0 + ). As before, this leads to a contradiction if
every γt is convex to τ(∞). Therefore there must be some γt convex to τ(−∞)
and hence some t0 with two choices of γt0 , one convex to each direction.
We now prove that if M does not have a short geodesic, then we can
always find a pair of loops that share a base point but are convex in different
directions, even if M has only one end. To eliminate the possibility that
every loop is convex to a single end, we will use a few facts about the space
of integral 1-cycles, denoted Z1(M,Z). Lying within this space is Γ(M), the
set of all 1-cycles with only one or two connected components. If we can find
a non-contractible loop within Γ(M), then the maximal length of a 1-cycle
in the loop is an upper bound for the length of a shortest closed geodesic on
M . For further details, see [8]. We now describe how to produce such a loop
in the one-ended case.
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Lemma 6 (The one-ended case). Suppose M is a complete, orientable sur-
face of finite area A that has one end. If M contains no closed geodesics of
length at most 4
√
2A, then it contains a pair of geodesic loops with a com-
mon vertex such that the two loops are convex to disjoint regions and each
has length at most
√
2A.
y
x
γτ
σ
ηB
y
τ1
τ2
τ3η
γ
Ω1Ω2
Ω3
γ(0)
Figure 3: Left: A one-ended surface with every short loop convex to infinity.
Right: The geodesic segments constructed via Berger’s Lemma.
Proof. Suppose M has no closed geodesics of length at most 4
√
2A. Fix any
x ∈M and let τ be a ray based at x. Define γt for each t ≥
√
A/2 as above.
We can apply Lemma 5, obtaining the following two cases. The first case is
that there is some t0 ≥
√
A/2 with two choices of γt0 , one convex to each
direction. This is our desired loop pair. The alternative case is that for every
choice of τ and all t ≥ √A/2, every γt is convex to infinity. We will show
that the latter case never actually occurs if M contains no geodesics of length
at most 4
√
2A.
First, we apply the construction given in [11] (see Figure 3). Define γ as a
shortest geodesic loop based at τ(6
√
A/2). This curve bounds a precompact
region Ωγ. Let y be at maximum distance from γ(0) out of all points in Ωγ.
Let σ be a ray from y to infinity and let η be a short loop at σ(
√
A/2).
Notice that Ωγ strictly contains the precompact region Ωη bounded by η, as
d(y, γ) ≥ d(y, γ(0))− L(γ)/2 ≥ d(x, γ(0))− L(γ)/2 ≥ 5
√
A/2.
Because y is at locally maximal distance from γ(0) (recall that y lies
within the interior of Ωη), we can apply a non-compact version of Berger’s
lemma (cf. Lemma 8.15 in [9]). Let τ1 = σ |[0,√A/2]. Then by Berger’s
Lemma there are minimizing geodesics segments τ2 and τ3 from y to γ(0)
such that the angle between τi and τi+1 (denoted cyclically) at y is at most
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pi. Note that it may be the case that τ3 = τ1 if τ1 and τ2 are segments of the
same geodesic.
Since γ lies outside of Ωη, each τi intersects η. Let η(ti) = τi ∩ η, and
define the closed curves T1 = τ1 ∪ η |[0,t2] ∪− τ2, T2 = τ2 ∪ η |[t2,t3] ∪− τ3 and
T3 = τ3 ∪ η |[t3,L(η)] ∪ − τ1. Notice that each Ti is convex to the precompact
region Ωi it bounds. Therefore by Lemma 1 and our assumption that M
has no geodesics of length less than 4
√
2A, each Ti shortens to a point curve
qi ∈ Ωi. Similarly, η must shorten to a point at infinity. Therefore the
neighbourhood of infinity bounded by η is, topologically, a half-cylinder, as
the presence of a handle would obstruct the shortening of η. Therefore M
is homeomorphic to the plane, since it is covered by the regions induced by
shortening η, T1, T2, and T3. Thus we can compactify M by adding a point
at infinity to produce a topological sphere, denoted Mˆ .
Recall that Γ(Mˆ) is the set of all 1-cycles in Mˆ with only one or two
connected components. We now define the following homotopy in Γ(Mˆ):
1. ({q1} ∪ {q2}) ∼ (T1 ∪ T2) by reversing the curve shortening process.
2. (T1 ∪ T2) ∼ (τ1 ∪ η |[0,t3] ∪− τ3) by retracting −τ2 ∪ τ2 to its base point
η(t2) along itself.
3. (τ1 ∪ η |[0,t3] ∪ − τ3) ∼ (τ1 ∪ η ∪ −η |[t3,L(η)] ∪ − τ3) = (η ∪ −T3) by
extending η |[t3,L(η)] ∪− η |[t3,L(η)] from its base point η(t3) along itself.
4. (η ∪ −T3) ∼ ({∞} ∪ {q3}) by the curve shortening homotopy.
5. ({∞} ∪ {q3}) ∼ ({q1} ∪ {q2})
This homotopy produces a closed loop Φ in Γ(Mˆ) ⊂ Z1(Mˆ,Z). Notice that
the longest cycle in this homotopy (e.g., T1 ∪ T2) has length at most 4
√
2A.
Thus if our loop in Z1(Mˆ,Z) is not contractible, M contains a closed geodesic
of length at most 4
√
2A (cf. [8, 15]). By the work of Almgren [1], we
know that Z1(Mˆ,Z) ' H2(Mˆ,Z) = Z, so it is enough to check the that
homology class corresponding to Φ is non-zero. The class corresponding to
this homotopy under Almgren’s isomorphism is represented by the 2-cycle
determined by the union of the disks generated by shortening T1, T2, T3 and
η in Mˆ . These disks naturally glue together to produce a 2-sphere, and
hence this cycle represents a non-trivial element of H2(Mˆ,Z) ' H2(S2,Z).
Therefore the corresponding path in Z1(Mˆ,Z) cannot be trivial, either. For
further details, see the analogous final proof in [14]. Thus we obtain a closed
geodesic of length at most 4
√
2A, contradicting our initial assumption.
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Lemma 7 (The two-ended case). Suppose M is a complete, orientable sur-
face of finite area A that has at least two ends. If M contains no closed
geodesics of length at most
√
2A, then it contains a pair of geodesic loops
with a common vertex such that the two loops are convex to disjoint regions
and each has length at most
√
2A.
Proof. Suppose M contains no closed geodesics of length at most
√
2A. Let
τ be a line in M . Then by Lemma 5 there must be a point t0 such that
there are two shortest geodesic loops with vertex at τ(t0), each convex to a
different end of M . This is our desired pair of loops.
2.3 Shortening Pairs of Loops
We now define a curve shortening technique that will, if successfully applied
to our loops with shared vertex, induce a deformation retraction of the sphere
to a point. In particular, we will show that if M has no short closed geodesics,
then it must be homeomorphic to a punctured sphere. Our process then gives
rise to a retraction of the compactification of M (which will be a sphere) to
a point curve derived from shortening our loops. This is an impossibility,
as the sphere is not contractible. The resultant contradiction will prove the
existence of a short closed geodesic on M whose length is bounded by the
sum of the lengths of the original loops.
Lemma 8. Suppose M is a complete surface with finite area A. If M con-
tains a pair of parametrized geodesic loops e1, e2 with a common vertex such
that the two loops are convex to disjoint regions, then M also contains a
closed geodesic of length at most L(e1) + L(e2).
Proof. Suppose that M has two loops e1 and e2 as described in the statement
of the lemma but contains no closed geodesics of length at most L(e1)+L(e2).
We will derive a contradiction. As a preliminary step, orient the parametrized
curves e1 and e2 such that e1∪e2 can be parametrized as a single transversely
self-intersecting loop. Note that, by assumption, e1 and e2 intersect only at
their shared vertex. Define the loop e3 = e1∪−e2, such that e3 (unlike e1∪e2)
can be transformed into a simple curve by a short homotopy. For each i let
Ωi be the region to which ei is convex. Note that Ω3 = (Ω1 ∪ Ω2)c.
First, we show that our loops lie in the complement of a locally convex
set V (i.e., each connected component of V is convex). This fact will allow
us to “quotient out” the ends of M during our shortening algorithm. Each
Ωi must be a disk or half-cylinder, as otherwise ei could be shortened to a
closed geodesic of length at most L(ei). If Ωi is a half-cylinder, then let τi be
a ray from the vertex of ei to infinity in Ωi. Choose a shortest loop γi at τ(t)
11
for t large enough that γi and ei do not intersect. If γi was not convex to
τi(∞), then the region bounded by γi and ei would be an annulus with convex
boundary and hence would contain a short closed geodesic by Lemma 1 (e.g.,
by shortening γi). Thus γi must be convex to τi(∞). Apply this process for
i ∈ {1, 2, 3} whenever Ωi is a half-cylinder. If M is compact, then every Ωi
is a disk and we can take V = ∅. Otherwise, the region bounded by the
(non-empty) union of the γi contains our loops and is the complement of a
locally convex set V .
We will now show that we can apply an iterative curve shortening pro-
cedure to our loops to construct a continuous family {Mt} of topological
spheres terminating in a point. This contradicts the fact that the sphere is
not contractible, proving that M does in fact contain a short closed geodesic.
First, we apply the curve shortening process to the loop e1 ∪ e2. At each
t > 0, the curve at time t in the shortening homotopy can still be viewed
as two (possible non-simple or constant) loops e1,t and e2,t with a common
base point, which can be chosen continuously in time. Since M contains no
short geodesics, e1,t ∪ e2,t either converges to a point or escapes to infinity.
In the first case, let tf be the first time at which e1,t ∪ e2,t is a point. In the
second case, Lemma 1 and the convexity of V together imply that we can
define some tf such that e1,t ∪ e2,t ⊂ V for all t ≥ tf .
We construct the family {Mt} in the following way (see Figure 4).
1. As discussed above, apply the curve shortening process to the self-
intersecting curve e1 ∪ e2 to obtain a continuous family of loop pairs
{e1,t, e2,t} with shared base point for t ∈ [0, tf ]. As before, let e3,t be
the concatenation e1,t ∪ −e2,t, so that its self-intersection at the loops’
base point can be removed by a short homotopy.
2. For each t ∈ [0, tf ], apply the curve shortening process to the three
loops ei,t. Since M contains no short geodesics, for every t ≥ 0 each ei,t
shortens to a point or escapes to infinity. The homotopy produced by
the curve shortening process generates a surface Σi,t bounded by the
loop ei,t, which is either a half-sphere, a half-cylinder or a point.
3. Glue the three surfaces Σi,t together along their shared boundary e1,t∪
e2,t. This produces a (possibly multiply-punctured) sphere St.
4. Let ∼ be the equivalence relation defined on M such that x ∼ y exactly
when x and y are in the same connected component of V . This relation
collapses each component of V to a single point. We define Mt = St/∼.
By assumption, the sets Σi,0 = Ωi are disjoint (except for their shared
boundary) and hence the union of the images of the three initial homotopies
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e1,t e2,t
M
e1,t e2,t
St
Figure 4: The construction of the punctured sphere St for some fixed t.
covers M without overlaps. Therefore S0 ' M in a natural way, and hence
M0 ' M/∼. Moreover, the family Mt is continuous. This is because the
curve shortening process is continuous on compact surfaces, and we are only
defining Mt in the finite time interval [0, tf ]. For all t ∈ [0, tf ), the surface
Mt is homeomorphic to S
2, as each connected component of V is collapsed
to a point under the quotient map. However, Mtf is a point, because either
e1,tf ∪ e2,tf itself is a point, or e1,tf ∪ e2,tf ⊂ V and hence by convexity the
image of each ei,tf under the shortening process lies entirely in V . Thus
we have arrived at a contradictory conclusion. Therefore, some step of our
procedure must have been obstructed by the presence of a closed geodesic,
which will necessarily have length at most L(e1) + L(e2).
2.4 Main Theorem
We now collect the above cases and prove our main result.
Theorem 1. Suppose M is a complete, orientable surface with finite area A
and n ends. Let l(M) be the length of a shortest closed geodesic on M .
1. If n ≤ 1, then l(M) ≤ 4√2A.
2. If n ≥ 2, then l(M) ≤ 2√2A.
Proof. The case where n = 0 is due to the previous results described at the
beginning of this paper (e.g., [16, 11]). If n = 1, by Lemma 6 we know
that either l(M) ≤ 4√2A or M admits a pair of geodesic loops each of
length at most
√
2A with a common vertex such that the two loops are
convex to disjoint regions. In the second case, we apply Lemma 8 to obtain
a closed geodesic of length at most 2
√
2A. Therefore it must be the case
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that l(M) ≤ 4√2A. If n ≥ 2, then by Lemma 7 either l(M) ≤ √2A or the
hypothesis of Lemma 8 is satisfied by a pair of loops that each have length
less than
√
2A. Thus we again conclude that M has a closed geodesic of
length at most 2
√
2A, and hence l(M) ≤ 2√2A.
Corollary. Suppose M is a complete, non-orientable surface. Let M˜ be its
orientable double cover bestowed with the covering metric. Suppose M˜ has
finite area A˜ and n˜ ends. Let l(M) be the length of a shortest closed geodesic
on M .
1. If n˜ ≤ 1, then l(M) ≤ 4
√
2A˜.
2. If n˜ ≥ 2, then l(M) ≤ 2
√
2A˜.
Proof. By applying the proof above we can find a short geodesic on M˜ that
will be mapped by the orientation covering to a geodesic on M of at most
equal length.
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